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Self-excited vibration arising from tribology-dynamic interaction
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Abstract. An elastic contact model of a pad/disc system is developed which can give some explanations on
self-excited vibration induced during continuous dry friction. Based on this model, it is possible to show that
establishement and sustainability of self-excited vibration in disc brake system are linked to the interface
properties as well as the physical properties of the disc brake components. It is shown using theoretical and
experimental analysis that the regime of self-excited vibrations can be triggered when approaching any of
the modified resonant frequencies of either pad or disc system. These frequencies are dependant upon contact
stiffness value during self-excitation regime. Experimental investigations have also shown that contact
stiffness during sustained self-excitation may increase monotonically upto 35% of its initial value due to
continuous wear and sliding. One of the main findings in this work, is that the resonance of any of the system
frequencies is linked mainly to the established value of contact stiffness due to wear, load and speed. Also,
for each self-excited regime, there is a limiting frequency after which the self-excited regime either sustains
at this frequency or change to another regime. Sudden changing of load or speed at this limiting frequency
may cause the transition from one regime of self-excitation to another.

Keywords: self-excited vibration, squeal noise, frequency response, contact stiffness, friction pad, disc
brake

List of Symbols
A apparent area of contact
A'B',C',D arbitrary constants

a,b disc outer and inner radii

Cas Cp damping coefficients in disc and pad systems, respectively
d separation between surfaces of pad and disc

E4Ep Young’s modulus of the disc and pad, respectively

E effective modulus of elasticity (N/m?)
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fii limiting frequency at mode i
fsi modified frequency of flexural mode i
G pad receptance (displacment at pad contact point with disc due to a force at this point on the pad)
Gpd pad receptance (displacment at pad contact point with disc due to a force at this point on the disc)
h non-dimensional separation (d/c)
Hd disc receptance
Hp pad receptance
Ki normal stiffness of a single asperity
Ke effective normal contact stiffness of pad/disc assembly
kp pad spring stiffness
m mass per unit area of the plate
mp mass of pad
n number of contacts
s normalized coordinate (height/c)
t disc thickness
w normal load (N)
B effective radius of asperities
n density of asperities per unit area
standard deviation of height distribution of asperities
*(s) height distribution of asperities scaled to make its standard deviation unity
® disc rotational speed
Q excitation angular frequency

& dimensionless radius
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1. Introduction

The determination of the contribution of brake components in squeal generation has
been of a great concern since its early appearance in last decades to suppress or
eliminate brake noise [1-4]. Many independent studies have been provided by
dynamicists [5-11] and tribologists [12-16] to determine the system behavior and the
mechanism of self-excitation. Besides, considerable efforts have been directed to
explain different friction models [17-21]. In experimental observations, many
researchers have noticed that many squeal frequencies typically line up with one or
more disc modal frequencies [22,23]. Self-excited vibration has been studied in the
direction of surface properties relationship to the emmitted noise [24-28]. It is
belived that the elastic properties of contacting surfaces play a major role in
establishing system's self-excitation. Sensitivity to variations in contact parameters
has also been considered [28-36] in order to determine how many modes of the disc
/brake system are needed to fully predict system behavior over a limited frequency
range.The present work shows that system unstable modes are represented by
modified disc and pad resonances by the virtue of contact stiffness. This contact
stiffness couples the pad/disc elements. The term contact stiffness is mentioned in
many papers [37-38] and explained in detail in reference [39].

2. Simplified mathematical model of pad/disc system

Consider that both the pad and the disc are brought into flat contact at n spots
(contact asperities) as shown in Fig. (1), under the following assumptions:

1. All asperity summits are identical.

2.Every two encountered asperities are modeled by a linear elastic spring of
stiffnes K; in normal direction of contact.

3.Disc and the pad are connected through a set of linear springs Ki
(i=1,2,...,n), to form the pad/disc system as shown in Fig. (2).

4. All contact asperities can be represented by an equivalent spring stiffness
K. where:

K.=> K, ®
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Fig. (2). Contact Model of Friction Pad With Disc

An expression for the total normal static contact stiffness Ke of two nominally
flat surfaces has been given for the first time by Thomas and Sayles [36]. Detailed
parameteric study of contact stiffness of nominally flat surfaces is given in [37, 39].

For simplicity, the component displacements at contact interface are
considered in one direction and at one point. Applying a virtual force F to coordinate
Xp, see Fig. (3), the displacement at the two coordinates in the unassembled model in
Fig. (4) can be written as:
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Where X, , Xq are the pad and disc displacements at contact point,
respectively. Hp and Hq are the receptances of the pad and disc before assembly.

The equilibrium condition for the components is given as:

F=f +f
P or
f =F —f
P ‘ ©)
The compatibility conditions can be written as:
fd = ke( Xp - Xd) 4
Xq Xp
fe— fe—

fy Ke Ko {
Ke Kp N 7 Xd Xp

- <€

B

Disk
Disk
Fig. (3). Simple mathematical model of disc/pad Fig. (4). Unassembled disc/pad system.
assembly.

Substituting Eqns. (2) and Fu) into (4), it results:

X
f="-=H +H +1THF ©)
d d p T p

Hd keJ

The transfer receptance (i.e. displacement x4 at contact point with the disc
due to virtual force F at the pad) is given from (5) as:

X i
G (2)="=HH 4tH+ 1—’1H
pd F d p d EJ p

In a similar way, the substitution of (5) into (3) gives:
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X
f="" =f1—[H+H ¥ 1}114 ]

e d P p (6)
’ H p |L ke |J
So, the point receptance (i.e. displacement x, at contact point with the pad
due to virtual force F at the same point) is:
Xp -1 ‘|
G(Q)= "=H (l—[H+H +1} H
PP = P (7
- ] 7l

If the pad is represented by a spring-mass-damper system, then its receptance
is given as:

1

H, = 8
Pk, -m, 2%+jQc, ©®
The disc response can be written as [40]:
" S0 Zi(&)Zi(&)

= 9
Ao 'Z‘ (a)ifi_-Q + jQ2cy )maN; ©

A

Q==

Where ) ma’

Z(5)=AJ(A4i&) +BYo(A4ig) +Cllo(A4ig) + D'Ko (A4iS)

N; = J;g Z ( //i'ig)zi ( ﬂ’ié)dg

Where Jo(Aié) is Bessel function of the 1 kind, integral order 0
Yo(Aié) is Bessel function of the 2% kind, integral order 0
lo(4ié) is Modified Bessel function of the 1% kind, integral order O
Ko(4i&) is Modified Bessel function of the 2% kind, integral order O

Equations (6) or (7) present a simple form of the tribology-dynamic
interacrtion in terms of the contact stiffness and response of pad/disc system
components. However, it is not simple to depict this interaction because the solution
of either equation is not straightforward. Separation of real and imaginary parts of
the receptance G(Q) in either equation enables the analysis of the contribution of
contact stiffness and system parameters on system receptance. The solution of Eq.
(9) and then (7) or (8) can be simply obtained using the finite element appraoch.
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3. Numerical Analysis

FEM is used to obtain the receptances Hq of fixed-free disc and H, of simply
supported friction pad. Using these results it will possible to get the receptance of
the combined system (Pad/disc). A FEM representation for the pad/disc assembly is
shown in Fig. (5). The model was built using the solid modeling. Two volumes had
been created, the first one is an annular disc and the second is the pad sector. No
asymmetric analysis is considered in this modeling. The model of the Grey Cast Iron
disc (Eq=2.1x10N/m?, pq=7860kg/m?) with inner radius b=75 mm, outer radius
a=150 mm and thickness t=9mm, contains 2304 nodes and 1080 elements. The disc
is modeled as completely fixed from the neck while its outer edge is free. The model
of the pad sector (Ep=10° N/m?, p,=650 kg/m?) with inner radius=105 mm and outer
radius=145 mm, sector angle=50° and thickness b=15mm, contains 198 nodes and
80 elements. The pad is modeled as it is pivoted from its back by a set of linear
springs. The springs are fixed from the other ends in the three directions. Each node
of the pad —in the side facing the disc- is connected to its corresponding disc-node
by a contact spring.

A 3-D point-to-surface contact element is used. The element is a five node
element and has three linear degrees of freedom. Each set contains 7920 elements.
The set of the elements that support the pad to the fixed support has total stiffness of
5x10* N/m while the stiffness of the contact set between the pad and the disc is
varying from 10° N/m to 10° N/m in a parametric study fashion. Four flexural
modes (diametric modes) of this model are shown in Fig. (6) with their frequencies
at Ke=10 MN/m.

Fig. (5). FEM of pad/disc assembly
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Fig. (6). Disc flexural modes (Ke=10MN/m)

Using this model, it is possible to show the effect of coupling between pad and
disc surfaces due to contact stiffness K. Beside, the analysis provides the system
resonance frequencies fs as well as disc natural frequencies fig. Using these data it is
possible to make a parametric study of the effect of contact stiffness and physical
characteristics of the pad/disc assembly on the system receptance using Eq. (6).

The disc receptance Hg is shown in Fig. (7), while the system response Gy at
different values of contact stiffness is given in Fig. (8). It is observed that the
frequencies of flexural (diametric) modes monotonically increase with the contact
stiffness Ke while the frequencies of other modes (e.g. extensional, torsional modes,..)
do not change much with contact stiffness. The system response (receptance Gpp)
within the range of two extreme values of contact stiffness (70-100 MN/m) at the
point of contact, shows an expected slight shift of the frequencies of flexural modes.
For example, flexural modes increased from 1643, 2150 and 2673Hz at K.=70 MN/m
to 1678, 2285 and 2778Hz at Ke=100 MN/m. On the other hand, the last two
fregencies (6150 Hz and 7200 Hz) are significantly affected by the increase of Ke.
These two frequencies represent the translational modes of the pad as a mass-spring
system coupled with the mass of the disc by contact stiffness Ke.
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Fig. (7). Receptance Hy of fixed-free disc.
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Fig. (8). Receptance Gy, of pad/disk system

With the increase of contact stiffness, all the system flexural frequencies
approach constant values sooner or later (frequency limit) according to their order
(Fig. (9)), while the higher translational frequency keeps increasing and the lower
one approaches a constant value with the increase in the contact stiffness. For
example, the limiting frequencies for flexural modes fs: , fss and fs; from Fig. (9) are
fu= 1678, f;=2400 and fiz= 2900 Hz. This means that these three flexural
frequencies stop increasing beyond correspondant values of contact stiffness K.=80,
120 and 150 MN/m, respectively.
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Fig. (9). Variation of frequency of flexural modes fs, f,, fs with contact stiffness

4. Experimental measurements

To investigate the effect of contact stiffness on the system dynamic response as well
as the self-excited modes, two main experiments are conducted. The first one is a
shock test where the effect of contact stiffness on system response is investigated at
different applied normal load and no sliding speed. The second test depicts the
system response during self-excited regimes at different applied loads and speeds. In
the two cases, the measurement of disc response is needed to recognize the effect of
contact on its modal frequencies.

The adopted model of pad/disc system (Fig. (10)) consists of a cubic friction
pad in contact with a plexiglass disc with inner radius 50 mm, outer radius 150 mm
and thickness 20 mm. The pad dimensions is selected to fulfill a model of rigid body
in contact with an elastic disc. The disc is rotated by a variable speed motor with
speed range from 0 to 200 rpm. The normal load acted on the back plate of the
friction pad through a steel ball, is produced by dead weight on a pulley rope
system. The pad is supported from one side by an elastic leaf spring resisting its
motion in tangential direction of contact with the disc to form a mass-spring model.
The pad and its back plate are mounted in an antifriction slider to enable the
horizontal and vertical adjustment of the contact position with the disc and to ensure
the pad/disc flat contact even if there is a disc runout. Low range of disc speed (up
to 60 rpm) is used to eliminate the effect of disc rotation on its resonance
frequencies and to avoid the temperature rise due to friction.
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Fig. (10). Experimental model

4.1 Measurement of disc frequency response

61

Impact hammer with a force transducer mounted on its tip is used to measure
the accelerance (acceleration/force) of the clamped-free disc. The very light
piezoelectric accelerometer (0.7 gm) having frequency range up to 20 kHz is fixed
on the surface of the disc mounted in the test stand as shown in Fig. (11). The slight
lateral hammering of the disc is made at different points laying on the contact circle
of the pad location with the disc (at a line making 90°, 60° and 45° with the
diammetral passing through the point of fixation of the accelerometer) to extract all
possible frequencies of lateral vibration of the disc. Zoom measurement is used for
achieving greater frequency resolution in the determination of the resonance

frequency for each mode.

Hammer

Force
Transducer

Charge Charge
Amplifier Amplifier
| I
FFT
Analyzer

Accelerometer
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Fig. (11). Measurement of disc and system (pad/disc) receptance
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For example, Fig. (12) shows the frequency response curves of the disc when
it is hammered at point of intersection of the contact circle with a line making 60°
with the diammetral passing through the point of fixation of the accelerometer.
According to these measurement, the resonance frequencies of the disc flexural
modes are 550, 880, 3500, 5170, 7100, 9320, and 11890 Hz.
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Fig. (12). Sample of zoomed measured disc receptance (flexural modes)

4.2 Investigation of tribology-dynamic interaction in pad/disc assembly

To show the effect of contact stiffness on the system response, a series of
receptance shock tests are conducted under different applied normal loads. These
tests show the effect of contact stiffness on system response without relative motion
between contact surfaces. A cubic friction pad (type F-153 Valeo) with rough intact
surface is brought into contact with the smooth surface of a plexiglass disc.
Plexiglass disc is used to easily get to the surface conditions for a self-excited
pad/disc combination. Using a plexiglass disc makes it easy to establish self-
excitation under relatively medium operating conditions. Under such surface
conditions and according to the analysis developed in [27,28], the normal contact
stiffness value is expected to be very low.

The very light accelerometer is fixed on the back of the disc surface. The
system frequency response is obtained using the impact hammering (shock technique)
of the non-rotating disc in a direction normal to its surface at position paralell to its
contact with the pad. Fig. (13) shows the frequency spectra of the static system within
a range from 0 to 13 kHz at different applied normal load for a cubic friction pad
(25%25x10 mm) having square area of contact = 6.25 cm?. As a matter of fact, there
are many flexural frequencies in Fig. (13) which are modified with normal load. To
investigate the tribology-dynamic interaction within this range of frequency, it is better
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to focus only on the two flexural modes with frequencies fs; and fs; that are clearly
affected by the increase of normal load. However, to identify the flexural mode, one
must use the disc response curve. Inspection of these two responses revealed that
flexural disc modes 5170 Hz and 7100 Hz are modified by the virtue of contact
stiffness at W=20 N to modes at 5700 Hz and 8690 Hz , respectively. The shifting of
these frequencies with the applied normal load can be seen from the set of displayed
curves in Fig. (13) where the flexural modes fs; and fs; are shifted from 5700 and 8690
Hz at W=20 N to 6100 Hz and 8960Hz at W=100 N, respectively.
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Fig. (13). Effect of applied normal load W on the pad/disc system response with zero relative
velocity (contact area A=6.25 cm?).
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4.3 Estimation of contact stiffness value from measured system response

The calculations of contact stiffness from the measured responses in Fig. (13)
require the substitution of modal parameters (frequencies, modal masses, modal
damping) from the measured response of the fixed-free disc into Eq.(6) with
assumed values of K, that may lead to a complete matching between both measured
and reconstructed responses. Fig. (14) gives an example for such reconstruction to
demonstrate the modification of disc modes by contact with the pad.

The set of response curves reconstructed from response data (e.g. Fig. 13)
and Fig. (14) using Eq. (6) are plotted with a suitable magnification in Fig. (15) to
show relation between applied load W, contact stiffness Ke and frequencies of
flexural modes fs; and fs..

9
105
l‘ SE==sEsse=E===
10'8 ke=0 . L
- \} I e k=10" N/m
EE. 10 -
3 et .'ig
o 10§
Q i
s 5
8 10
&
g 1w :
4
1072 \\\ |
107 f

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Frequency (Hz)

Fig. (14). Reconstructed receptances of pad/disc system from experimental data
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Fig. (15). Estimated contact stiffness from reconstructed system response at different normal loads
(A=6.25 cm?)
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5. Parametric analysis

To show the effect of contact area on contact stiffness, another cubic friction pad
(32x32x10 mm) with contact area=10.24 cm? is used in the above testing under the
same conditions. When repeating the experiment with this pad, a similar trend of
system response with the normal load has been obtained as shown in Fig. (16). The
two investigated frequencies fs; and fs, increase with the applied normal load from
5250 and 8550 Hz at W=10 N to 5880 and 8850Hz at W=100 N, respectively.

W=10N,A=10.24 cm?

fs1 = 5230 Hz
fso = 8540 Hz

fe1

L W=20N,A=10.24 cm? 593
fs1 = 5440 Hz

fs2 = 8620 Hz

I
|
I
|
|
i
|
I
|
I
|
|
I
152
|

]

1280 2580 3840 SI20 6400 7680 8960 10240 1150

80 f )
W=60N,A=10.24 cm*

fs1= 5760 Hz

8 4 fs2= 8820 Hz
2 i
=~ i
15 |
|
]
]
0 I
1200 2560 3840 5120 6400 7680 .8080 10260 110
- [X)
W=80N,A=10.24 cm’
] fs1 = 5880 Hz
fs2= 8830 Hz
e 4 \
2 i
= :
15 i
1
fa1]
0 i =

1220 2550 3840 SI20 GO0 7680 @960 10240 11520
f o

Fig. (16). Effect of applied normal load W on the pad/disc system response with zero relative
velocity (contact area A=10.24 cm?).
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Fig. (17) shows the variation of the estimated contact stiffness with normal
load for the two different areas of contact using Eq.(6).
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Fig. (17). Effect of contact area on the estimated contact stiffness (@=0)

To show the effect of contact stiffness on the establishment and sustainability
of system self-excitation, both system vibration and noise level are measured. The
light accelerometer is mounted on the back of the friction pad in normal direction of
contact with the disc to measure the system frequency spectrum when self-excited
vibration (squeal) is generated. A microphone is fixed in front of the disc and in
normal direction to its surface at a distance of about 10 cm to measure the sound
pressure level of squeal noise. Output signals from the accelerometer and the
microphone are entered into the FFT analyzer input terminals in order to check the
coincidence of the two measured spectra. The squeal frequency spectra are recorded
when the disc is rotating at different speeds and normal loads.

At the moment of squeal triggering, one of the investigated instantaneous
self-excited system frequency fs is 7904 Hz. This frequency increases from 7904 Hz
at normal load W=50 N to 8352 Hz at W=80 N as shown in Fig. (18). This variation
corresponds to a change of contact stiffness from 2.5 MN/m at 7904Hz to 4.2
MN/m at 8352Hz. The established unstable mode can be changed by either changing
the applied load or the rubbing speed. When repeating the same experiment later at
the same speed, the self-excited squeal triggered at normal load W=80N with
another lower frequency of 4688 Hz.
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Fig. (18). Effect of applied normal load on the self-excited squeal frequency (m=45 rpm)

According to Eq.(6), the resonance of any of the system frequency is linked
mainly to the created value of contact stiffness by wear, load and speed. This can be
explained using Fig. (19) as follows: any of self-excited vibration modes (point a,
b,c.) can be triggered at contact stiffness K* depending on the input excitation
frequency which is function of the applied normal force, speed and interface
properties. The frequency of self-excited vibration fs; at point a will move in the
direction aa’ due to the increase of contact stiffness K"
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Fig. (19). Variation of squeal and limiting frequencies with load and normal stiffness at all system
flexural modes
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This increase in K* is related to the increase of load W or the variation of
interface properties. If fs; reached the limiting frequency fl, (i.e. point a moved to
a"), there are two probable situations; the first one is that squeal with frequency fly
sustains, the second one is that squeal at another system mode triggers (i.e. point a'
moves to b' or ¢" or...). Establishment of squeal means that points a, b, c... do not
move and K* keeps its value to the next occurrence of wear of sliding surface to
create another value K**. Similarly, frequency attained at b’ can move in the
direction bb' until reaching limiting frequency fl» and squeal either sustains at point
b' or triggers at another frequency c". All other system modes follow the same
previous mechanism.

To determine the effect of load and speed on the limiting frequency at this
mode, the variation of squeal frequencies due to continuous rubbing under different
operating conditions at the 5th modified disc frequency (7100 Hz) has been
investigated as shown in Fig. (20). In this investigation, the measured squeal
frequencies are recorded within load range from 20 to 80 N with step 20 N at three
different rotating speed ® = 10, 20, 50 rpm . These results depict the trend of
variation of squeal frequencies-by the virtue of contact stiffness variation with the
normal load at different relative velocities. According to these curves, one can
simply deduce that the values of the limiting frequency f, at each speed 10,20 and
50 rpm are 9300, 9170 and 9100 Hz, respectively. By substituting the frequency data
from this investigation into Eq(6), it is possible to plot the relation between applied
normal load and contact stiffness at different sliding speed as shown in Fig. (21).
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Fig. (20). Variation of the established squeal frequency due to continuous sliding at different
operating conditions
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After a relatively long time of continuous rubbing (about 3-4 min.) under
constant load and speed between pad and disc surfaces, self-excited squeal changes
its frequency within a relatively wide band which depends on the development of
the contact stiffness by wear only. Squeal is averaged within this period of time to
show the change of squeal frequency from 10.496 kHz to 11.296 kHz as shown in
Fig. (22). This change corresponds to an increase of contact stiffness from 6.4
MN/m to 8.63 MN/m. At higher flexural modes, this band width increases as shown
in Fig. (23) where the squeal frequency is firstly established at 12.16 kHz and
continued to increase to 13.16kHz during about 3 minutes of continuous sliding
friction (band width=1kHz) . The band width may be shorter or wider depending on
these applied operating conditions.

12 AUTO SPEC CH. A INPUT HARM Y 38. 8dB
60. 0dB8 /1. 00U RHS HDUB X 10496Hz
OHz + 25.6kHz__ LIN AX: 10486Hz
ShTUP Wil #A: 120
RSN SR WA N ST - DU I —

50

o Sh 108 15l 20k 25k

Fig. (22). Change of squeal frequency due to continuous wear and rubbing (W=80 N)
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Fig. (23). Change of squeal frequency due to continuous wear and rubbing (W=120 N)

6. Conclusions

A mathematical model for describing the tribology-dynamic interaction in pad/disc
system as a function of contact stiffness and system response is thoroughly
explained. The developed model enables the estimation of contact stiffness from the
measured response of pad/disc system. Theoretical and experimental investigations
revealed the effect of contact stiffness on the modification of both disc and pad
frequencies in terms of applied normal load and sliding speed. Using the
experimental model, it was possible to show the direct dependance of contact
stiffness on the normal load as general theory states [29,31]. According to the
developed model, self excitation of pad/disc system can be established at any of the
system flexural frequencies due to the variation of contact stiffness with dynamic
operating conditions (load and speed). When the excitation frequency approaches
any of pad/disc system modified frequencies (i.e. disc modal frequencies modified
by contact stiffness), self-excited vibration with the corresponding frequency is
triggered. This frequency never coincides with either disc or pad vibrational
frequencies due to presence of contact stiffness. In other words, different squeal
regimes occur at frequencies close but not coincident to the resonant frequencies of
either pad or disc due to contact stiffness variation. Unstable vibration sustainability
depends on the persistence of the value of contact stiffness. Continuous rubbing of
contact surfaces modifies contact stiffness value which may in turn lead to the
variation of the frequency of self-excited vibration. The increase in contact stiffness
due to wear and continuous rubbing is about 35% of its initial established value
which correspond to an increase of squeal frequency by about 8%. Also, the relative
sliding speed may change the squeal frequency due to wear of contacting surfaces
which cause the variation of contact stiffness.
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